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Introduction
There are numerous engineering applications of rotating beams. Helicopter, compressor and turbine blades are some examples for which evaluation of natural frequencies and mode shapes is very important. In general, the cross-sections of these structures are very complex, but researchers have often made simplifying assumptions in order to carry out preliminary assessments and establish behavioural trends. Such simplified models often ignore the coupling between various modes of elastic deformations. For example, the free vibration behaviour of rotating beams has often been studied by considering only the bending deformation which generally dominates the behaviour of helicopter and wind turbine blades.
Research based on this simplifying assumption that the beam deforms only in bending is, without doubt, restrictive. Nevertheless, there is some justification in doing such analysis which can give considerable insight into the problem and thus provides a useful basis for further research. The literature on the free vibration behaviour of rotating beams using only bending theory is surprisingly voluminous and has continued to grow to this day. The authors have compiled a selective sample of recent papers [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] which provide background information and useful cross-references on the subject.
Several of these publications rely on classical methods based on the solution of the governing differential equations and the subsequent imposition of boundary conditions, leading to the frequency equation [5, 11] . There are, however, some exceptions where finite element method (FEM) based solutions have also been reported [6, 13] along with the application of other methods such as the differential transform method [14, 15] . A significant contribution in recent years is the application of the dynamic stiffness method (DSM) [1, 4, 9] which extends the analysis to a much wider context, while at the same time ensuring exact results.
The DSM is indeed a versatile tool because it has all the essential features of the FEM such as coordinate transformation, assembly procedure, sub-structuring, etc., but importantly, unlike the FEM, it permits exact eigenvalue analysis.
Although the DSM has been successfully applied to rotating beams [1, 4, 9] , the important influence of the Coriolis effects arising from the in-plane rotational motion has not been included to date. However, it should be recognised that a handful of researchers [5, 11, 16] have included the Coriolis terms when investigating the free vibration behaviour of individual beams using the classical method, but without applying the DSM. These earlier studies have highlighted the effect of the Coriolis terms, particularly at high rotational speeds. Lin and Hsiao [5] used d'Alembert's principle and the principle of virtual work to formulate the eigenproblem, whereas Lee and Sheu [11] used Hamilton's principle as a precursor to an exact power solution of the same problem. A notable contribution came from Huang et al. [16] , who investigated the free vibration problem of a rotating Bernoulli-Euler beam inclined at an arbitrary angle to the axis of rotation. Their study included the influence of Coriolis effects, rotational angular velocity and slenderness ratio on the natural frequencies and mode shapes.
The current paper is partly motivated by these investigations, and fills an irritating gap in the DSM literature by providing free vibration solutions for rotating beams, including the Coriolis terms which essentially couple the axial and in-plane flexural deformations during the free vibratory motion. The dynamic stiffness matrix of a rotating beam exhibiting coupling between in-plane (lagwise) bending and axial deformations that occurs due to Coriolis terms is developed to investigate the free vibration characteristics. The investigation is carried out in the following steps.
(i)
Hamilton's principle is applied to derive the governing differential equations of motion for in-plane free vibration of a rotating uniform beam with the inclusion of the Coriolis effects.
(ii) As a consequence of the Hamiltonian formulation the natural boundary conditions are recovered to obtain expressions for forces and moments.
(iii) The differential equations are solved by the Frobenius method of series solution.
(iv) Expressions for nodal responses (i.e. displacements and rotations) and loads (i.e.
forces and moments) are obtained in explicit analytical form. the axial (or extensional) motion has been dealt with by the first author by using the DSM in an earlier publication [1] .) The axial and flexural rigidities of the beam are assumed to be and respectively, whereas the density of beam material is and its cross-sectional area is
. In order to allow for the centrifugal forces developed in adjacent beam elements, the theory is generalised by including an outboard axial force at the outer end of the element, as shown in Figure 2 . For the element at the extreme outer end of the whole beam, see Figure   1 , this force is clearly zero.
Referring to Figure 2 , the time-independent centrifugal tension T(x) at a distance x from the origin is given by [1, 4] 
The governing differential equations of motion of the rotating beam can be derived using Hamilton's principle for which the expressions for kinetic ( ) and potential ( ) energies are fundamental prerequisites. Referring to Figure 2 , it can be shown that and are given by
and
where and are (elastic) displacements of a point at a distance from the origin in the and directions respectively, an over dot represents differentiation with respect to time and a prime denotes differentiation with respect to .
Hamilton's principle states
where and are the time intervals in the dynamic trajectory, and is the usual variational operator.
Substituting the expressions for and from equations (2) and (3) into equation (4), using the variational operator and then carrying out integration by parts in the usual way yields the following governing differential equations of motion of the rotating beam.
The natural boundary conditions generated by the Hamiltonian formulation give the following time-dependent expressions for axial force ( ) with tensile force positive, bending moment ( ), with hogging moment positive and shear force ( ), with clockwise shear positive [18] . (7) Assuming harmonic oscillation of the form ;
and writing (9) equations (5) and (6) can be written with the help of equation (1) as
Substituting for from equation (10) into equation (11) gives
Making a change of variable from to where
equation (12) becomes
where
Similarly, substituting for from equation (10) into equation (11) leads to
Equations (14) and (16) are solved using the Frobenius method of series solution. Thus, by
where , , the starting indices and ̅ are determined from the indicial equations as follows.
Substituting equation (18) into equation (14) gives
Multiplying both sides by and expanding in powers of gives
Relationships between the coefficients are found by equating the coefficients of to zero in equation (21) . First, considering the coefficient of gives the inidicial equation
Because the roots of equation (22) differ by integer values, the general solution can be obtained simply by considering the lowest root , see [19] , so that is arbitrary. Next, substituting into the coefficients of , , , and in equation (21) shows, respectively, that , , , and are also arbitrary. Finally, considering the coefficient of for gives the following recurrence relationship.
A similar procedure, by substituting equation (19) into equation (16), leads to ̅ and thus proceeding in the same way as above, it can be shown that the first six coefficients , , ,
, and of equation (19) are arbitrary, while for ,
Supposing that the infinite series of equations (18) and (19) are each truncated to their first terms, one can write
In this way, all the coefficients of the series in equations (18) and (19) can be expressed in terms of the arbitrary ones, i.e.
; (26) where the first six rows of and each form a unit matrix, and the remaining rows are obtained from the recurrence relations of equations (23) and (24), respectively. Now, from equation (10),
where (28) and so, by comparing the coefficients of the first six powers of , one obtains 
Referring to the sign conventions of Figure 3 and the boundary conditions of the beam shown in Figure 4 , the displacement and force vectors at ends 1 and 2 of the beam can be written as
Now the boundary conditions for displacements and forces can be applied at the two ends of 
Equations (33) and (35) can be expressed in matrix form as follows.
Substituting equations (26) into equations (36) and using equation (29) gives (37) where (38) The dynamic stiffness matrix for the rotating beam, which relates the amplitudes of the forces to those of the displacements can now be obtained by eliminating the constant vector from equation (37) to give
where (40) is the required dynamic stiffness matrix. Clearly is a complex Hermitian matrix comprising pure real and pure imaginary elements in the following form. Thus
where each term is real. In other words, is a real symmetric stiffness matrix in which the axial and flexural components are uncoupled, augmented by an imaginary Hermitian matrix coupling these behaviours.
Application of the Dynamic Stiffness Matrix
The dynamic stiffness matrix of equation (41) can now be used to compute the natural frequencies and mode shapes of either an individual rotating beam or an assembly of them.
Once the overall dynamic stiffness matrix of the final structure consisting of rotating beams is assembled, the Wittrick-Williams algorithm [17] is applied in the following manner to determine the natural frequencies of the structure.
(i) For an arbitrarily chosen trial frequency , the dynamic stiffness matrix ( ) of the final structure is computed first and then the matrix is triangulated into upper diagonal form by using Gauss elimination. Then the number of negative elements on the leading diagonal of is counted. This so-called sign count { } is an integral part of the algorithm which gives an indication of the number of natural frequencies lying below the trial frequency .
(ii) Since the DSM for free vibration analysis is exact, it allows an infinite number of natural frequencies to be accounted for when all nodes of the structures are fully clamped so that one or more individual elements in the structure can still vibrate freely on their own between the nodes. This happens when the displacement vector to which ( ) corresponds is null, and gives rise to the so-called count of the algorithm, which is essentially the number of clamped-clamped natural frequencies of all individual elements in the structure exceeded by the trial frequency . The count is an important part of the algorithm and is not always a peripheral issue. However, for most practical applications, the clamped-clamped natural frequencies of individual elements are generally very high, and thus they are not usually exceeded by any practical trial frequency , so that is zero. As a consequence, the analysis is predominantly based on the sign count { } of (i) above. One of the ways to avoid the computation of is to split the elements into a number of smaller elements for which the clamped-clamped natural frequencies will be exceptionally high, resulting into zero values for at all frequencies of interest.
When the integer numbers given by { } and of (i) and (ii), respectively, are added together to give , it can be stated with certainty [17] that is the total number of natural frequencies of the structure lying below the trial frequency . It should thus be noted that the Wittrick-Williams algorithm does not give the numerical values of the natural frequencies directly, but it shows how many of them exist below an arbitrarily chosen trial frequency.
This simple feature of the algorithm can be exploited to advantage by choosing successive trial frequencies to bracket any natural frequency to any desired accuracy. The algorithm, unlike its proof, is thus very simple to implement in a computer program. For a known natural frequency, the mode shapes are subsequently computed by choosing one displacement component of a node and then determining the rest of the displacements in terms of the chosen one.
Numerical Results and Discussion
In order to make the application sufficiently general, numerical results are presented in nondimensional forms, particularly by defining the following non-dimensional parameters.
where the non-dimensional rotational speed, is the non-dimensional natural frequency and is the slenderness ratio of the beam, with and defined in equation (9). The nondimensional hub radius ⁄ of equation (15) were obtained using the earlier dynamic stiffness theory developed by the first author [1] .
The first five non-dimensional natural frequencies ( ) of the rotating beam for cantilever boundary condition are shown in Table 1 for a wide range of the non-dimensional speed parameter , when the slenderness ratio is set to 100 and the hub radius parameter is set to zero. Clearly for Case B when the Coriolis effects are ignored, the flexural and axial motions are uncoupled. Thus the natural frequencies corresponding to the flexural motion will always increase due to the centrifugal stiffening effect from the rotational speed, whereas those corresponding to axial motion will remain unaltered, as expected. This is evident from the results shown in Table 1 Table 1 shows that the Coriolis effects diminish the natural frequencies, as observed by other researchers [5, 16] .
The next set of computations was carried out to validate the DSM theory of this paper and to illustrate its predictable accuracy. This is achieved by comparing results from the present theory with those available in the literature. Table 2 shows the first five non-dimensional natural frequencies of a rotating cantilever beam with the inclusion of Coriolis effects for three different values of slenderness ratio alongside the results of Huang et al [16] when and . The results are in complete agreement as can be seen.
In order to demonstrate the effect of hub radius, Table 3 shows the first three nondimensional natural frequencies of the cantilever rotating beam when and  for which some comparative results using Timoshenko beam theory are available in the literature [5] . Clearly for such a high value of the slenderness ratio , the results are expected to be close and indeed, they are really very close as can be seen in Table 3 .
The next set of results was obtained to illustrate the mode shapes of the rotating beam with the inclusion of the Coriolis effects. Figure 5 shows the first five modes of the beam with cantilever boundary condition when , and . It is evident that the first four modes are essentially bending modes whereas the fifth mode is an axial one with a small amount of bending displacement present. The effect of coupling between the bending and axial modes is not so pronounced in this particular case.
It is interesting to note from the Case A results in Table 1 that allowing for the Coriolis effects, and hence coupling the axial and bending behaviour, appears to counterbalance the stiffening effect arising from the rotating action. Thus, for exceptionally high rotational speeds ( ), the lowest in-plane natural frequency of the rotating beam begins to decrease with increasing rotational speed. In order to capture this effect and its trend, Figure 6 shows the variation of the lowest natural frequency (  of the rotating beam against when and for the cantilever boundary condition. For small values of , increases and it peaks at around for this particular case. Then gradually decreases and becomes zero when  is close to ⁄ . This phenomenon does not occur for the Case B results in Table   1 , in which the coupling effects of the Coriolis terms are excluded so that  1 illustrates purely bending behavior. It is therefore consistent with the apparent axial instability at ⁄ previously observed by Hodges and Bless [20] , which they explained to be a consequence of the use of linear small deflection theory at strain levels well beyond the limits of linear theories for practical engineering materials. Allowing for non-linear strain terms would reverse this trend and hence avoid the prediction of instability, but it is believed that such a refinement is not necessary for many practical applications of beams rotating at realistic speeds.
The results shown in Table 1 also reveal some interesting modal interchanges or modal flipover phenomena where bending and axial modes switch (cross) over. The fourth and fifth natural frequencies ( and ) of the rotating cantilever beam switch over at around which is illustrated in Figure 7 . Below , the fourth mode is predominantly bending and the fifth one is axial whereas above this rotational speed at , the fourth mode is predominantly axial and the fifth one is bending. At , the modes are somewhat coupled in bending and axial motion, particularly the fourth mode. In order to gain some insight, the fourth and the fifth modes for , 0.2 and 0.3 are plotted in Figure 8 . The modal interchanges as a consequence of the inclusion of the Coriolis effects are clearly evident.
Scope and Limitations of the Theory
The dynamic stiffness theory presented in this paper is based on Bernoulli-Euler beam model which does not take into account the effects of shear deformation and rotatory inertia. To account for these effects, the application of the Timoshenko beam theory will be more appropriate. To this end the dynamic stiffness development of a rotating Timoshenko beam with the inclusion of Coriolis effects will be an enormously difficult, but a challenging task, constituting the subject matter of future research. This useful extension will be of great value in predicting accurately the free vibration behaviour of rotating beams with the inclusion of Furthermore, as a consequence of using linear small deflection theory when formulating the dynamic stiffness matrix, all nonlinear effects arising from the coupling between various modes of deformation, particularly the axial-bending nonlinear coupling and the stiffening effect due to rotation, have been ignored. In order to explore the effects of nonlinearities of both geometric and dynamic origin when investigating the free vibration characteristics of rotating beams, interested readers are referred to the works of Turhan and Bulut [21] , Lacarbonara et al [22] , Arvin et al [23] , Kim et al [24] and Sotoudeh and Hodges [25, 26] .
Conclusions
By using Hamilton's principle, the governing differential equations of motion of a rotating beam for its lag-wise motion which couples the flexural and axial deformations through
Coriolis effects have been derived and solved using the Frobenius method of series solution.
Then a systematic procedure has been devised to derive the dynamic stiffness matrix of the rotating beam. The ensuing dynamic stiffness matrix has been used through the application of 
